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We introduce a general procedure to extract the wave function of quasiparticles in AC-driven
quantum conductors. By incorporating the Bloch-Messiah reduction into the scattering theory
approach to quantum transport, we construct the many-body state from the scattering matrix,
within which the wave function of quasiparticles can be extracted. We find that two species of
quasiparticles can be excited, while both of them are superpositions of particle and hole states in
the Fermi sea. Due to the electron number conservation, the quasiparticles are always created in
pairs, resulting in particle-hole pair excitations in quantum conductors. We apply our approach to
compare these particle-hole pairs excited in perfectly transparent quantum contacts and mesoscopic
capacitors with single-level quantum dot. For the quantum contacts, particle-hole pairs with multiple
modes can be excited, while the excitation probability of each mode increases as the strength of
the driving field increasing. The particle(hole) components are always in phase (180 degrees out
of phase) with the driving field. These features agree with the results obtained via the extended
Keldysh-Green’s function technique in previous works. For the mesoscopic capacitors, only one
mode of particle-hole pairs can be excited, while the corresponding excitation probability undergoes
an oscillation as the strength of the driving field increasing. A nonzero phase delay between the
particle(hole) component and the driving field exists, which can be tuned via the dot-lead coupling
in the mesoscopic capacitor. These features are very distinct from the case of quantum contacts,
which can be attributed to the finite dwell time of electrons in the mesoscopic capacitor. We also
find that our approach can also offer a general way to extract the wave function of quasiparticles
from the first-order electronic correlation function, making it helpful for the signal processing of
relevant experiments in electron quantum optics.
PACS numbers: 73.23.-b, 72.10.-d, 73.21.La, 85.35.Gv
I. INTRODUCTION
In recent decades, there has been growing interest in
the emerging field of electron quantum optics, which fo-
cus on the understanding the behavior of electrons in
ballistic quantum conductors following the paradigms of
quantum optics.1,2 As has been pointed out by scattering
theory approach of quantum transport, quantum electric
currents can be regarded as been built from elementary
excitations in the Fermi sea of quantum conductors.3–7
Previous research have focus on the statistic properties
of these elementary excitations, which can be extracted
from the correlation functions of the current in the
DC case.8,9 Electronic Mach-Zehnder10–13 and Hanbury-
Brown-Twiss14–16 interferometry have been realized in
the quantum Hall edge channels, revealing the long co-
herence length, antibunching and entanglement of ele-
mentary excitations in such system.17–21
Going beyond the DC case, recent developments in on-
demand electron sources22–25 and quantum tomographic
methods26–28 show that individual excitations in quan-
tum conductors can be generated and detected under
properly engineered time-dependent driving, paving the
way for electron quantum optics to the single electron
level.29,30 Hence, besides the statistic description widely
used in the DC case, an alternative description suitable
for such time-dependent case is preferred. In particular,
it is natural to ask what is the wave function of these ex-
citations, which is one of the most straightforward way
to characterize them.
Generally speaking, the elementary excitation in the
Fermi sea are quasiparticles composed of electrons and/or
holes.31 The time-dependent driving mixes them with dif-
ferent energies, makes it a non-trivial task to find the
wave function of these quasiparticles even in the absence
of interaction.32 For quantum contacts with weak har-
monic driving, the wave function has been addressed per-
turbatively, which is valid in the case when the ampli-
tude of the driving field is much smaller than the driving
frequency.31,33,34 In the case of strong harmonic driving,
the wave function can be obtained by examining the cu-
mulant generating function of the transferred charge in
quantum contacts, which has been obtained by using the
extended Keldysh-Green’s function technique.35–38. For
specific case when only electrons(or holes) are excited in
the Fermi sea, the wave function of the quasiparticles,
now called levitons, can also be constructed beyond the
perturbation theory.39–43
Despite these studies which have improved our under-
standing, a general and explicit relation between the wave
function of the quasiparticles and the scattering matrix,
which plays a central role in the scattering theory ap-
proach, is still missing. Due to the success of the scat-
tering theory approach, such relation is expected to offer
an efficient and transparent way to study the proper-
ties of these quasiparticles. In fact, the analogy between
the quantum transport of electrons and the propagation
of photons has already been emphasized by the scatter-
2ing theory approach in the early stage.6,44,45 Recently,
first-order electronic correlation functions,46–48 or equiv-
alently, electronic Wigner functions,26,28,49,50 have been
introduced within such approach, from which the infor-
mation of these quasiparticles can be extracted. These
studies have paved the way along this direction.
Hence the goal of this paper is to fill this gap and
provide a general approach to obtain the wave function
of the quasiparticles in AC-driven quantum conductors,
which is widely studied in the field of electron quan-
tum optics. We will concentrate on the case without
interaction, which is valid in the integer quantum Hall
regime where most of the electron quantum optics exper-
iments are performed.2 We find that, by incorporating
the Bloch-Messiah reduction51 into the scattering the-
ory approach, the many-body state of the electrons for
quantum conductors in the zero-temperature limit can
be constructed as
|Ψb〉 =
∏
δ∈[0,1)
∏
k=1,2,...
γ†k−(δ)γ
†
k+(δ)
i
√
pk(δ)
|F 〉, (1)
with |F 〉 representing the unperturbed Ferm sea. Such
many-body wave function suggests that two species of
quasiparticles(+/−), which represented by the creation
operators γ†ks(δ)(s = +/−), are excited during the scat-
tering. The corresponding creation operators γ†ks(δ) have
the form
γ†k−(δ) = −
√
1− pk(δ)Bpk(δ) + i
√
pk(δ)B
†
hk(δ),
γ†k+(δ) = −
√
1− pk(δ)Bhk(δ) − i
√
pk(δ)B
†
pk(δ), (2)
with Bp(h)k(δ) representing the particle(hole) compo-
nents of the wave function for the quasiparticles.
The above expression indicates that the quasiparticle,
which represented by the creation operator γ†ks(δ)(s =
+/−), increases/decreases the total electron number by
one. Due to the electron number conservation, they have
to be created in pairs, leading to particle-hole pair ex-
citations in the quantum conductor. The corresponding
excitation probability pk(δ) do not depend on the index
of the species s and is only a function of the mode index
k and the parameter δ. Both the particle(hole) compo-
nents and the excitation probability can be decided from
the singular value decomposition (SVD) for sub-matrices
of the scattering matrix, which offers a general way to ex-
tract the quasiparticle wave function from the scattering
matrix of the quantum conductors.
To better demonstrate our approach, two specific cases
are studied in this paper: (1) a perfectly transpar-
ent quantum contact and (2) a mesoscopic capacitor.
The case of the perfectly transparent quantum contact
has been addressed via the extended Keldysh-Green’s
function technique in previous works.32,38 In this case,
particle-hole pairs with different modes(k = 1, 2, ...) can
be created during the scattering and the excitation prob-
ability of each mode increases with the strength of the
driving field increasing. While the particle components of
the wave function stay in phase with the driving field, the
hole components are always 180 degrees out of phase. We
find that both the excitation probability and the parti-
cle(hole) components of the wave function obtained from
our approach agrees quiet well with the ones reported in
previous works via the extended Keldysh-Green’s func-
tion technique.
We then turn to study the wave function of quasipar-
ticles created in the mesoscopic capacitor, which has not
been explicitly given in a general case in previous studies.
We find that in this case, only one mode of particle-hole
pairs can be excited, whose excitation probability under-
goes an oscillation as the strength of the driving field
increasing. Moreover, a phase delay between the parti-
cle(hole) components of the wave function and the driv-
ing field exists. These two features are very distinct from
the case of the quantum contact, which can be attributed
to the finite dwell time of electrons in the mesoscopic ca-
pacitor.
Although our approach mainly concentrates on the
theoretically aspect, it can also be helpful for the signal
processing techniques in experiments. We find that the
our approach offers a systematic way to extract the wave
function of quasiparticles from the first-order electronic
correlation function, or equivalently, from the electronic
Wigner function, which generalizes the signal processing
techniques introduced by Marguerite et al. in Ref. [30].
The paper is organized as follows. In Sec. II, we present
our approach by using the two-terminal quantum con-
ductor as an example. Then, we apply our approach
to study the case of the perfectly transparent quantum
contact and the mesoscopic capacitor in Sec. III and IV,
respectively. The procedure to extract the wave function
of the quasiparticles from the first-order electronic corre-
lation function is discussed in Sec. V. We summarize our
conclusions in Sec. VI.
II. WAVE FUNCTION OF ELEMENTARY
EXCITATIONS FROM SCATTERING MATRIX
In this section, we demonstrate our approach in a typ-
ical two-terminal AC-driven quantum conductor. We
show that the elementary excitations are particle-hole
pairs composed of two species of quasiparticles, whose
wave function can be solely decided by the scattering
matrix of the quantum conductor.
We start our discuss by considering the two-terminal
quantum conductor as illustrated in Fig. 1, which con-
nects two reservoir L and R via two ideal leads. For sim-
plicity, we assume each lead contain two channels 1 and
2, sustaining the left- and right-moving electron states,
respectively. Both reservoirs are assumed to be in local
thermal equilibrium with the same temperature T and
Fermi energy EF , A time-dependent bias voltage V (t) is
applied between the reservoir, leading to quantum elec-
tric currents in the quantum conductor. Following pre-
vious works,38 we concentrate on the zero-temperature
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FIG. 1. Schematic of the two-terminal quantum conductor
driven by the time-dependent bias voltage V (t).
limit and non-interacting case in the following discussion.
By introducing creation[annihilation] operators of elec-
trons for incoming a†1(E), a
†
2(E)[a1(E), a2(E)] and out-
going b†1(E), b
†
2(E)[b1(E), b2(E)] channels, the scattering
matrix in the energy domain can be given as
bλ(E) =
∑
η=1,2
∫
dE′
2π
Sλη(E,E
′)aη(E
′), (3)
where the off-diagonal element of the scattering
matrix[Sλη(E,E
′), with E 6= E′] is due to the time-
dependent driving V (t). For typical driving with fun-
damental frequency Ω0, it is traditionally to work in the
Floquet space, where Eq. (3) has the form
bλn(δ) =
∑
η=1,2
∑
m
Sλη,nm(δ)aηm(δ), (4)
with the Floquet scattering matrix defined as
Sλη,nm(δ) =
2π
Ω0
Sλη(nΩ0 + δΩ0,mΩ0 + δΩ0). (5)
Note that we have defined the electron annihilation op-
erator in the Floquet space as aλn(δ) = aλ(δΩ0 +
nΩ0)[bλn(δ) = bλ(δΩ0 + nΩ0)] with λ = 1, 2, n ∈ Z and
δ ∈ [0, 1). Also note that we have chosen the natural
units throughout this paper.
For the problem we study here, it is convenient to
present the Floquet scattering matrix in a particle-hole
basis. To do so, we introduce a canonical particle-hole
transformation
bλn(δ) =
{
bpλn(δ), n ≥ 0
[bhλn(δ)]
†, n < 0
(6)
for the outgoing electron along the channel λ (λ = 1, 2),
where bpλn(δ) and b
h
λn(δ) represent the annihilation oper-
ator for particle and hole states, respectively. The same
transformation can be applied to the incoming electrons
in the same way, leading to apλn(δ)[a
h
λn(δ)] representing
the particle[hole] state for the corresponding incoming
state.
The Floquet scattering matrix in such particle-hole ba-
sis can be decomposed as
[
~bp(δ)
~b∗h(δ)
]
=
[
Spp(δ) Sph(δ)
Shp(δ) Shh(δ)
] [
~ap(δ)
~a∗h(δ)
]
, (7)
where the vectors of operators are defined as
~bp(δ) =


...
bp1n(δ)
...
bp2n(δ)
...


, n ≥ 0,
~b∗h(δ) =


...
[bh1n(δ)]
†
...
[bh2n(δ)]
†
...


,m < 0, (8)
while ~ap(δ) and ~a
∗
h(δ) can be defined in the same way.
Note that the four sub-matrices in Eq. (7) can be related
to the Floquet scattering matrix as
Sppλη,nn′(δ) = Sλη,nn′(δ), n, n
′ ≥ 0
Sphλη,nn′(δ) = Sλη,nn′(δ), n ≥ 0, n′ < 0
Shpλη,nn′(δ) = Sλη,nn′(δ), n < 0, n
′ ≥ 0
Shhλη,nn′(δ) = Sλη,nn′(δ), n, n
′ < 0. (9)
It is worth noting that since the scattering matrix is
unitary, it can be proved that (see Appendix A for de-
tails), the SVD of the four sub-matrices in Eq. (7) satisfy
the following relation
Spp(δ) = Up(δ)P (δ)[V p(δ)]†,
Shh(δ) = Uh(δ)P (δ)[V h(δ)]†,
Sph(δ) = Up(δ)i
√
I − P 2(δ)[V h(δ)]†,
Shp(δ) = Uh(δ)i
√
I − P 2(δ)[V p(δ)]†, (10)
where I is a unit matrix. P (δ) is the diagonal matrix
whose diagonal entry pk(δ) is the kth singular value of
the matrix Spp(δ)[Shh(δ)]. The corresponding left and
right singular vectors are stored in the kth-column of the
unity matrices Up(h) and V p(h), respectively.
Now we turn to discuss the many-body state, from
which the wave function of the quasiparticle can be ex-
tracted. According to the assumption of the scattering
theory approach, the many-body wave function of the
system can be written as a direct product of the incom-
ing and outgoing states of the form
|Ψsys〉 = |Ψa〉 ⊗ |Ψb〉 (11)
in the zero-temperature limit. The incoming state |Ψa〉
characterizes the emission of electrons from the reservoir
L(R) along the channel 1(2), which has the form
|Ψa〉 = |FL〉 ⊗ |FR〉, (12)
where |FL(R)〉 represents the Fermi sea corresponding to
the reservoir L(R). They can be constructed from the
4corresponding vacuum state of electrons |0L(R)〉 as
|FL(R)〉 =
∫ 1
0
dδ
∑
m<0
a†1(2)m(δ)|0L(R)〉, (13)
in the Floquet basis. Note that we have chosen the zero
of energy so that the Fermi energy EF = 0.
The outgoing state |Ψb〉 contains the information of
the quasiparticles created during the scattering, while the
Fermi sea states |FL〉 ⊗ |FR〉 serves as the vacuum state
of these quasiparticles. Although one can construct |Ψb〉
from the vacuum state of electrons |0L(R)〉 by using the
scattering matrix given in Eq. (4), it is general difficult to
obtain the wave function of the quasiparticles from such
expression, except for some specific case, such as weak
harmonic driving and/or leviton excitation.31,33,34,39–43
Alternatively, it is more convenient to extract the in-
formation of the quasiparicles from the pair correlation
function,52 since for the non-interacting case considered
here, the many-body state remains Gaussian, whose high
order correlation function can be fully constructed from
the pair ones.53–55
Following this idea, we construct the outgoing state
|Ψb〉 from the pair correlation function in the particle-
hole basis by using the Bloch-Messiah reduction,51 which
has been used in the field of quantum information.56,57
To make our discussion transparent, we only present the
main result here, leaving the details of the derivation in
Appendix B.
We find that the outgoing state |Ψb〉 can be written as
|Ψb〉 =
∏
δ∈[0,1)
∏
k=1,2,...
[√
1− pk(δ)
+ i
√
pk(δ)B
†
pk(δ)B
†
hk(δ)
]
|FL〉 ⊗ |FR〉, (14)
where operator B†p(h)k(δ) represents the creation opera-
tor of the particle(hole) component of the wave function,
which has the form
Bpk(δ) =
∑
λ=1,2
∑
n≥0
[Upλn,k(δ)]
∗bpλn(δ),
Bhk(δ) =
∑
λ=1,2
∑
n<0
Uhλn,k(δ)b
h
λn(δ), (15)
with Upk,λn(δ)[U
h
k,λn(δ)] representing the matrix element
of the kth column of the left-singular vectors matrix as
given in Eq. (10), while the excitation probability pk(δ)
is just the corresponding kth singular value. Hence, the
many-body state can be fully determined by the scatter-
ing matrix.
Note that the state given in Eq. (14) has a similar form
as the well-known BCS wave function, so it has been
referred to as Gaussian BCS state.56 In fact, the wave
function of the quasiparticle can be better illustrated by
performing the Bogoliubov transformation. By introduc-
ing uk(δ) = −
√
1− pk(δ) and vk(δ) = i
√
pk(δ), one has
|Ψb〉 =
∏
δ∈[0,1)
∏
k=1,2,...
γ†k−(δ)γ
†
k+(δ)
vk(δ)
|FL〉 ⊗ |FR〉, (16)
where γ†k±(δ) are the creation operators representing the
quasiparticles, which can be given as
γ†k−(δ) = uk(δ)Bpk(δ) + vk(δ)B
†
hk(δ),
γ†k+(δ) = uk(δ)Bhk(δ)− vk(δ)B†pk(δ). (17)
Now one can see clearly that during the scattering, two
species of quasiparticles are created, which are charac-
terized by the creation operators γ†k−(δ) and γ
†
k+(δ), re-
spectively. While the former decreases the total elec-
tron number by 1, the latter increases the total electron
number by 1. Due to the electron number conservation,
one cannot create a single species of quasiparticle dur-
ing the scattering. They can only be created in pairs,
and hence the corresponding elementary excitations in
the AC-driven quantum conductors are just particle-hole
pairs composed by these quasiparticles.58
To better demonstrate and justify the validity of our
approach, we investigate two typical quantum conduc-
tors in the field of electron quantum optics: (1) a per-
fectly transparent quantum contact and (2) a mesoscopic
capacitor.
III. PERFECTLY TRANSPARENT QUANTUM
CONTACT
We first concentrate on the case for perfectly transpar-
ent quantum contact, whose many-body state has been
studied by using the extended Keldysh-Green’s function
technique in previous works.32,38
A quantum contact can be modeled as a quantum
conductor, whose electron dwell time is negligible so
that the instant scattering approximation holds.39,52,59
Within the model we have presented in the previous sec-
tion, a typical AC-biased quantum contact can be de-
scribed by the scattering matrix in the time-domain as
[
S11(t) S12(t)
S21(t) S22(t)
]
=
(√
De−iφ(t) −i√1−D
−i√1−D √Deiφ(t)
)
, (18)
where φ(t) =
∫ t
dτV (τ) is due to the contribution of the
driven field V (t), while D characterizes the transparency
of the contact. The scattering matrix in the energy do-
main[Eq. (3)] can be obtained via the Fourier transform
Sλη(E,E
′) =
∫
dtei(E−E
′)tSλη(t), (19)
with λ, η = 1, 2. Note that within the instant scattering
approximation, the scattering matrix Sλη(E,E
′) is only
the function of the energy difference E − E′.
In the full transparent limit D → 1, the scattering
between the two channels is absent and the many-body
state can be written as the direct product of the two
channels. Without loss of generality, we focus on channel
1. Assuming a harmonic driving with V (t) = V0 cos(Ω0t),
the corresponding Floquet scattering matrix elements for
5channel 1 [Eq. (4)] can be given as
b1n(δ) =
∑
m
Snma1m(δ), (20)
where the element of the Floquet scattering matrix has
the form: Snm = Jn−m(ξ) with Jk(ξ) being the Bessel
function of the first kind and ξ = V0/Ω0 characterizing
the strength of the driving field. Note that in this case,
the matrix element Snm do not dependent on δ, hence we
shall omit it in the following discussion when no confusion
can arise.
In the particle-hole basis, the Floquet scattering ma-
trix S can be decomposed into sub-matrices following
Eq. (10), whose SVD can be done numerically using the
LAPACK algorithm. Suppose the SVD can be given as
Spp = UpP [V p]†,
Shh = UhP [V h]†,
Sph = Upi
√
I − P 2[V h]†,
Shp = Uhi
√
I − P 2[V p]†, (21)
the corresponding many-body state of the outgoing elec-
trons in channel 1 can be written as
|Ψb1〉 =
∏
δ∈[0,1)
∏
k=1,2,...
[√
1− pk
+ i
√
pkB
†
pk(δ)B
†
hk(δ)
]
|FL〉, (22)
with
Bpk(δ) =
∑
n≥0
[Upnk]
∗bp1n(δ),
Bhk(δ) =
∑
n<0
Uhnkb
h
1n(δ). (23)
Note that although the scattering matrix does not de-
pend on δ, the creation(annihilation) operator for the
particle and hole components is still δ-dependent. Fol-
lowing previous works,32,38 we define the wave function
of the particle and hole components (Upnk and U
h
nk) in the
time domain as
ψpk(t) =
∑
n≥0
e−inΩ0tUpnk,
ψhk(t) =
∑
n<0
e−inΩ0tUhnk. (24)
The relation between the excitation probabilities pk
and the strength of the driving field ξ are given in
Fig. 2(a), one can see that multiple modes of particle-
hole pairs can be created during the scattering, while all
the excitation probabilities pk are monotonically increas-
ing functions of the strength ξ. The particle |ψp1(t)|2(red
solid curve) and hole |ψh1 (t)|2(green dashed curve) com-
ponents of the wave function for the first mode k = 1 are
given in Fig. 2(b), corresponding to the strength ξ = 2.0.
We find that the particle and hole components of the
wave function (Upnk and U
h
nk) are related via
Uhn,k = i(−1)n+1Up−(n+1),k, (25)
 0
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FIG. 2. (Color online) (a) The excitation probabilities
pk of the first four modes(k = 1, 2, 3, 4) as functions of the
strength of the driving field ξ. Curves with different colors
and line types correspond to different modes. (b) The particle
|ψp1(t)|
2(red solid curve) and hole |ψh1 (t)|
2(green dashed curve)
components of the wave function for the first mode(k = 1)
with the strength of driving ξ = 2.0. The driving field V (t)
is also plotted with blue dotter curve for comparison.
where Upnk is always real and U
h
nk is always imaginary.
As a result, the corresponding wave functions in time
domain satisfies the relation
ψhk (t) = ψ
p
k(t+
π
Ω0
). (26)
Such relation indicates that the particle components are
always in phase with the driving field, while the hole com-
ponents are always 180 degrees out of phase. This can be
understood as a direct consequence of the instant scat-
tering approximation: since the dwell time of electrons
in the quantum contact is negligible, the corresponding
quasiparticles created during the scattering can response
instantly to the driving field. This feature can be clearly
seen in Fig. 2(b) by comparing the profile of |ψp(h)1 (t)|2
with the driving field V (t) in the time domain.
Note that the relation given in Eqs. (25) and (26) hold
for any value of ξ and k. This is demonstrated in Fig. 3,
where the wave function of the first(k = 1) and the
second(k = 2) modes are plotted with different value of
the strength ξ. For relatively weak driving field[Fig. 3(a)
ξ = 2.0], one can see that the particle(hole) component
of the first mode exhibits a single peak, while the second
ones has a double-peak structure. As the strength of the
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FIG. 3. (Color online) The normalized particle |ψpk(t)|
2(red
solid curve) and hole |ψhk (t)|
2(green dashed curve) compo-
nents of the wave function for the first two modes(k = 1, 2)
with (a) ξ = 2.0, (b) ξ = 4.0, and (c) ξ = 6.0. The driving
field V (t) is also plotted with blue dotter curve for compari-
son. Both the profile of |ψ
p(h)
k (t)|
2 and the driving field V (t)
are normalized by the strength ξ.
driving field ξ increasing, the overall profile of the parti-
cle and hole components preserved, i. e., no additional
peak and/or valley is developed as ξ increasing. In the
meantime, the position of the peaks remains unchanged,
indicating that the phase delay is unaffected by the value
of ξ. The main impact of the strength ξ is that, the par-
ticle(hole) components of the wave function tend to con-
centrate on the peak(valley) of the driving field in time
domain. This makes the overlap between the particle
and hole components become more and more smaller as
the strength ξ increasing. This can be seen most clearly
for the first mode(k = 1), where only one peak exists in
the profile of particle(hole) component. Hence, for strong
driving field, the quantum contact tends to emit particles
in the positive half cycle of the driving field, while tends
to emit holes in the negative half cycle.
It is worth noting that by comparing the results in
Fig. 2 with the ones given in Ref. [32], one can find that
both the excitation probability and the wave function co-
incide, indicating that our approach agrees with the ones
based on the extended Keldysh-Green’s function tech-
nique, which has been used in Ref. [32].
IV. MESOSCOPIC CAPACITOR
As an on-demand single electron source, the meso-
scopic capacitor plays an important role in the elec-
tron quantum optics.22 Besides the extensive studies
on the average current and finite-frequency current
noise,22,23,60–64 quantum tomographic methods devel-
oped in recent years make it possible to extract the in-
formation of individual electronic excitations.26–28 In this
section, we apply our approach to investigate the wave
function of quasiparticles created in a AC-driven meso-
scopic capacitor.
In a simple case, the mesoscopic capacitor can be mod-
eled as a single-level quantum dot (QD) coupled to a
quantum hall edge channel via a quantum point contact,
as illustrated in Fig. 4. By driving the QD via a AC
voltage V (t), the mesoscopic capacitor can emit(absorb)
electrons to(from) the edge channel, making it capable
to serve as a coherent electron source. Here we focus on
the case for harmonic driving with V (t) = V0 cos(Ω0t).
The incoming and outgoing electrons along the edge
channel can be related via the scattering matrix as
b(E) =
∫
dE′
2π
S(E,E′)a(E′), (27)
with
S(E,E′) =
∫
dteiEt
∫
dt′e−iEt
′
S(t, t′). (28)
The scattering matrix in the time domain can be ob-
V(t)
a
b
FIG. 4. (Color online) Schematic of a mesoscopic capacitor,
composed of a single-level QD coupled to a quantum hall edge
channel. The QD is driven by a time-dependent voltage V (t).
7tained following Ref. [40], which has the form
S(t, t′) = δ(t− t′)− 2ΓΘ(t− t′)e−Γ(t−t′)e−iǫ0(t−t′)
×e−i[φ(t)−φ(t′)], (29)
with Γ characterizing the coupling between the QD and
the edge channel, while ǫ0 representing the energy level of
the QD. The phase φ(t) =
∫ t
dτV (τ) is due to the time-
dependent voltage applied on the QD. The notation Θ(t)
represents the Heaviside step function. Note that due to
the finite dwell time of the electron in the QD (dominated
by the QD-channel coupling Γ), the instant scattering
approximation does not hold for such system.
The corresponding Floquet scattering matrix[Eq. (5)]
can be calculated from Eqs. (28) and (29), which has the
form
Snm(δ) = δnm
+ 2Γ
∑
k
Jk(ξ)Jm−n+k(ξ)
iΩ0[(n− k) + δ − ǫ0/Ω0]− Γ , (30)
with ξ = V0/Ω0 characterizing the strength of the driv-
ing field. Note that in this case, the Floquet scattering
matrix has an δ-dependence, which is different from the
case for quantum contact.
The many-body state of the system can be obtained
following the same procedure described in the previous
section, leading to the form
|Ψb〉 =
∏
δ∈[0,1)
[√
1− p(δ)
+ i
√
p(δ)B†p(δ)B
†
h(δ)
]
|F 〉, (31)
with |F 〉 representing the Fermi sea of the edge channel,
while the particle and hole components can be given as
Bp(δ) =
∑
n
[Upn(δ)]
∗bpn(δ),
Bh(δ) =
∑
n
Uhn(δ)b
h
n(δ). (32)
In a similar way, we can also define the particle and hole
component of the wave function in time-domain as
ψp(δ, t) =
∑
n≥0
e−inΩ0tUpn(δ),
ψh(δ, t) =
∑
n<0
e−inΩ0tUhn(δ). (33)
Note that there are two main differences between this
case and the case of the quantum contact [Eqs. (22)
and (23)]. One is that, there is only one mode with
nonzero excitation probability p(δ), i. e., the mesoscopic
capacitor can create only one mode the of particle-hole
pair in the Fermi sea of the edge channel, despite the
strength of the driving field. The other one is that, the
excitation probability p(δ) and the particle[hole] compo-
nent of the wave function Upn(δ)[U
h
n(δ)] are the function
of δ. This is a direct consequence of the break down of the
instant scattering approximation,52 leading to additional
energy dependence of the scattering matrix.65
Let us first concentrate on the excitation probability p,
which is both the function of δ and ξ. According to the
structure of the denominator in Eq. (30), a resonant peak
is expected under the resonant condition δ = ǫ0/Ω0. We
find that such resonant peak can be clearly seen for small
Γ, as shown in Fig. 5(a). In the figure, we have chosen
Γ/Ω0 = 0.1 and ǫ0/Ω0 = 0.4. One can see that for a
given strength of driving ξ, the excitation probability p
is peaked around δ = 0.4, which agrees with the resonant
condition.
The dependence of the probability p on the strength of
driving ξ is more interesting. From Fig. 5(a), an oscilla-
tion structure can be identified. To better demonstrate
this, we plot the ξ-dependence of p at the resonance
(δ = 0.4) and far away from the resonance (δ = 1.0)
in Fig. 5(b). From the figure, one can see that for
δ = 0.4(red solid curve), the probability p monotonically
increases and almost reaches 1 as ξ increasing from 0 to
2.42. Then, as ξ further increasing, p undergoes an os-
cillation, resulting in 3 peaks and valleys for ξ < 10. A
similar oscillation behavior can also be seen for p with
δ = 1.0.
Now we turn to the particle and hole components of the
wave functions. In Fig. 5(c), we compare the profile of
the particle[|ψp(t)|2, red solid curves] and hole [|ψh(t)|2,
green dashed curves] components at the resonance(δ =
0.4, left column) and away from the resonance (δ = 1.0,
right column) for different strength of driving ξ. One can
see that, for a given strength ξ, |ψp(h)(t)|2 is not sensitive
to the value of δ, which can be seen by comparing the
curves in the left column to the corresponding curves in
the right column. In contrast, their dependence on the
strength ξ are more pronounced. By increasing ξ, the
profile of |ψp(h)(t)|2 can develop additional peaks as ξ
increasing. Note that this is different from the case of
the quantum contact, where the profile of the particle
and hole components in the time domain do not change
as the strength ξ increasing.
Also note that unlike the case for quantum contacts,
both the particle(Upn) and hole(U
h
n ) components has
nonzero real and imaginary part, indicating that a phase
delay exists between the driving field and the particle-
hole pair. Since the dwell time of the electron in the
QD of the mesoscopic capacitor is decided by the QD-
channel coupling Γ, we can attributed such phase delay
to the contribution of the finite dwell time of the elec-
tron in the quantum conductor. The phase delay can
be better seen for the cases with ξ = 2 where only one
peak is developed in the profiles of the wave function[the
bottom row in Fig. 5(c)]: The overlap between the pro-
file of |ψp(t)|2(red solid curve) and the driving field V (t)
indicates that they are not exactly in phase.
By increasing the QD-channel coupling Γ, both the os-
cillation of the excitation probability p and the phase
delay of the wave function can be altered. To show
8this, we plot the probability p and the corresponding
|ψp(h)(t)|2 for Γ = 0.5 in Fig. 6. By comparing Fig. 6(a)
with Fig. 5(a), one can see that the probability p away
from the resonance is dramatically enhanced, leading to
a broaden of the resonance peak. Such enhancement can
be better seen in Fig. 6(b), where the probability p at
the resonance(δ = 0.4) are comopared to the ones away
from the resonance (δ = 1.0). In fact, the probability p
at the resonance is slightly suppressed for large Γ, which
can be better seen from the inset of Fig. 6(b).
The phase delay between the driving field and the par-
ticle(hole) components |ψp(h)(t)|2 is increased by increas-
ing the QD-channel coupling Γ. This can be demon-
strated by comparing their profiles with the driving field
V (t) in time domain, as shown in Fig. 6(c). As in
Fig. 5(c), the increasing of the phase delay can be better
seen for the cases with ξ = 2[the bottom row of Fig. 6(c)],
where only a single peak exists for |ψp(h)(t)|2. By com-
paring to the corresponding figures in Fig. 5(c), one can
see that the overlap between the profile of |ψp(t)|2(red
solid curve) and the driving field V (t) are enlarged for
large Γ in Fig. 6(c), indicating an increasing of the phase
delay between them.
For larger ξ, additional peaks are developed, while the
phase delay of these peaks has a different dependence on
the QD-channel coupling Γ. The phase delay for peaks
in the region with larger time t tends to have a larger
phase delay as Γ increasing. As a consequence, the peaks
tend to merge and concentrate on the region for small t,
as can be seen by comparing the corresponding profile of
|ψp(h)(t)|2 in Fig. 5(c) and Fig. 6(c).
By further increasing Γ, both the oscillation and the
resonance peak of the probability p are smeared out. As
a result, the probability p becomes insensitive to δ, while
its dependence on the strength ξ tends to be monotonous,
as can be seen in Fig. 7(a) and (b), which is calculated
for Γ = 1.0. Accordingly, the phase delay of the wave
function is further enhanced, which is shown in Fig. 7(c).
Note that in this case, due to the large difference of the
phase delay between the peaks in the profile of |ψp(h)(t)|2,
these peaks are merged almost into a single peak, as can
be seen by comparing Fig. 7(c) to Fig. 5(c) and Fig. 6(c).
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FIG. 5. (Color online) (a) The dependence of the excitation
probability p on the parameter δ and the strength of driving
ξ. The red solid and black dotted curves corresponds to the
case for δ = 0.4 and δ = 1.0, respectively. (b) The dependence
of the excitation probability p on the strength of driving ξ for
δ = 0.4(red solid curves) and δ = 1.0(black dotted curves),
which exhibits oscillations. The details of the oscillation for
δ = 0.4 is shown in the inset. (c) The normalized profile of the
particle |ψh(t)|2 (red solid curves) and hole |ψh(t)|2(red solid
curves) components of the wave function for different value
of ξ and δ. The driving field V (t) is also plotted with blue
dotter curve for comparison. Both the profile of |ψp(h)(t)|2
and the driving field V (t) are normalized by the strength ξ.
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FIG. 6. (Color online) The same as Fig. 5, but with the
QD-channel coupling Γ = 0.5.
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FIG. 7. (Color online) The same as Fig. 5, but with the
QD-channel coupling Γ = 1.0.
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V. RELATION TO THE FIRST-ORDER
ELECTRONIC CORRELATION FUNCTION
In previous studies on the electron quantum optics,
the first-order correlation function, or equivalently, the
Wigner function, have been extensively used in the de-
scription of the first-order quantum coherence, which can
be obtained via quantum tomographic methods.2,26,28,49
In a recent work, Marguerite et al. suggest a signal pro-
cessing technique to extract the particle and hole wave
functions of quasiparticles from such correlation func-
tions in a quantum contact, which works in the case when
only one particle-hole pair is relevant.30 In this section,
we show that our approach offers a systematic way to
extract such wave functions from the first-order correla-
tion function, which closely related to their work. For
clarification, we demonstrate this in the single-channel
case.
The information of quasiparticles created during the
scattering is encoded in the first-order correlation func-
tion of the outgoing electrons. Following the notion in-
troduced in Sec. II, it has the form in zero-temperature
limit as
G(t, t′) = 〈Ψb|b†(t)b(t′)|Ψb〉, (34)
where b(t) representing the annihilation operator for out-
going electron in time domain. For driving field with fun-
damental frequency Ω0, b(t) can be written in the Floquet
space as
b(t) =
+∞∑
n=−∞
Ω0
2π
∫ 1
0
dδe−iΩ0(n+δ)tbn(δ). (35)
Accordingly, the first-order correlation function in the
Floquet space has the form
G(t, t′) =
+∞∑
n,n′=−∞
eiΩ0(n−n
′)(t+t′)/2g n+n′
2
(t− t′), (36)
with
gl(τ) =
∫ 1
0
dδei(δ+l)Ω0τ 〈Ψb|b†n(δ)bn′(δ)|Ψb〉. (37)
The expectation over the outgoing state |Ψb〉 in the
above equations can be calculated by using the quasipar-
ticle representation given in Eqs. (16) and (17), within
which the first-order correlation function can be decom-
posed into two parts
G(t, t′) = G0(t, t
′) + ∆G(t, t′). (38)
The first part G0(t, t
′) = 〈F |b†(t)b(t′)|F 〉 corresponds to
the contribution of the Fermi sea, which is irrelevant
to the quasiparticle excitations. It is the second part
∆G(t, t′), which has been referred as the excess single
electron coherence, contains the information of the quasi-
particles. It has the form (see Appendix C for details)
∆G(t, t′) =
∑
k=1,2,...
∫ 1
0
dδ
(
[ψpk(δ, t)]
∗, [ψhk (δ, t)]
∗
)
(39)
×
(
pk(δ) −i
√
pk(δ)[1− pk(δ)]
i
√
pk(δ)[1− pk(δ)] −pk(δ)
)(
ψpk(δ, t
′)
ψhk (δ, t
′)
)
,
where we have defined the particle and hole components
of the wave function in time domain as
ψpk(δ, t) =
∑
n≥0
e−iΩ0(δ+n)tUpnk(δ),
ψhk (δ, t) =
∑
n<0
e−iΩ0(δ+n)tUhnk(δ). (40)
The above equation indicates that the particle and hole
components can be obtained by expressing the first-order
correlation function in a ”diagonalized” form. In fact,
a simplified version of such procedure has already been
suggested by Marguerite et al. in Ref. [30] for the case of
the quantum contacts. In this case, the scattering matrix
in the Floquet space is independent on the parameter δ
as we have shown in Sec. III. The excess single electron
coherence ∆G(t, t′) can be simplified to
∆G(t, t′) =
∑
k=1,2,...
(
[ψpk(t)]
∗, [ψhk (t)]
∗
)
×
(
pk −i
√
pk[1− pk]
i
√
pk[1− pk] −pk
)(
ψpk(t
′)
ψhk (t
′)
)
,
(41)
where we have chosen t − t′ = mΩ0 with m being an
integer. This is just the ”diagonalized” form suggested in
Ref. [30], while the wave function ψ
p(h)
k (t) serves as the
”electronic atoms of signal”.25 Hence the Eq. (39) can
be regarded as a generalized version of their procedure,
which works for a general quantum conductor.
VI. SUMMARY
In this work, we have provide a general approach to
extract the wave function of quasiparticles in AC-driven
quantum conductors. This is done by incorporating the
Bloch-Messiah reduction into the scattering theory ap-
proach to quantum transport. In doing so, we explicitly
construct the many-body state from the scattering ma-
trix, from which the wave function of the quasiparticles
can be extracted. We have found that two species of
quasiparticles can be excited in the system. Due to the
electron number conservation, the quasiparticles have to
be excited in pairs, and hence the elementary excitations
created by the AC driving field are particle-hole pairs.
By using our approach, we have compared the particle-
hole pairs created in the perfectly quantum contact and
the mesoscopic capacitor with single-level quantum dot.
11
For the quantum contact, multiple modes of particle-
hole pairs can be excited during the scattering, while
the excitation probability of each pair has a monotonous
dependence on the strength of the driving field. The
particle(hole) components of the wave functions are al-
way in phase(180 degrees out of phase) with the driving
field. These results agree with the ones obtained via the
extended Keldysh-Green’s function technique. For the
mesoscopic capacitor, only a single mode of particle-hole
pairs can be excited, while the corresponding excitation
probability can undergo an oscillation as the strength of
the driving field increasing. A phase delay between the
particle(hole) components of the wave functions and the
driving field exists, which can be attributed to the finite
dwell time of the electron in the QD of the mesoscopic
capacitor.
Besides these theoretically studies, we have also find
that our approach can also offer a procedure to extract
the wave function of the quasiparticles from the first-
order electronic correlation function, which can be helpful
in the signal processing of quantum tomographic exper-
iments. We expect the approach we have reported here
to be helpful in the further study of single electronic ex-
citations in electron quantum optics.
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Appendix A: SVD for sub-matrices of the scattering
matrix
In this appendix, we show that the unity of the scatter-
ing matrix leads to the SVD Eq. (10) in the particle-hole
basis.
Without loss of generality, we assume the SVD of the
sub-matrices Shp and Shp has the form
Sph = UpiΛph[V
h]†,
Shp = UhiΛhp[V
p]†. (A1)
where both Up(h) and V p(h) are unity matrices, while
Λph(hp) is the semi-position-defined diagonal matrix.
Note that we have omit the index δ for clarification.
By using the matrices Up(h) and V p(h), we can perform
a unity transform over the scattering matrix as
S˜ =
(
Up 0
0 Uh
)†
S
(
V p 0
0 V h
)
=
(
Up 0
0 Uh
)† (
Spp Sph
Shp Shh
)(
V p 0
0 V h
)
=
(
[Up]†SppV p iΛph
iΛhp [U
h]†ShhV h
)
. (A2)
By using the unity of the scattering matrix, one has
S˜S˜† =
(
Λ2ph + [U
p]†Spp[Spp]†Up iΛph[V
h]†[Shh]†Uh − i[Up]†[Spp]†V pΛhp
iΛhp[V
p]†[Spp]†Up − i[Uh]†ShhV hΛph Λ2hp + [Uh]†Shh[Shh]†Uh
)
=
(
I 0
0 I
)
, (A3)
S˜†S˜ =
(
Λ2hp + [V
p]†[Spp]†SppV p −iΛhp[Uh]†ShhV h + i[V p]†[Spp]†UpΛph
−iΛph[Up]†SppV p + i[V h]†[Shh]†UhΛhp Λ2ph + [V h]†[Shh]†ShhV h
)
=
(
I 0
0 I
)
, (A4)
with I being the unit matrix.
From the above equations, one has the relation(from
the diagonal parts)
Spp[Spp]† = Up(I − Λ2ph)[Up]†,
[Spp]†Spp = V p(I − Λ2hp)[V p]†, (A5)
suggesting that the SVD of Spp has the form Spp =
Up
√
I − P 2[V p]†, with Λph = Λhp = P . Similarly, one
has also Shh = Uh
√
I − P 2[V h]†. One can also check
that the off-diagonal parts in Eqs. (A3) and (A4) are
also satisfied by such SVDs.
Appendix B: Bloch-Messiah reduction
In this section, we show how to obtain the many-body
wave function of the outgoing state from the the Bloch-
Messiah reduction. In this work, we follow the implement
of the reduction introduced by Kraus et al. in Ref. [56],
which show that any pure fermionic Gaussian state can
be cast into standard form
|Ψ〉 =
∏
k
(uk + vkc
†
k1c
†
k2)|vac〉, (B1)
with |vac〉 being the vacuum state. Such Gaussian state
can be totally decided by two block-diagonalized covari-
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ance matrices R and Q, whose matrix element can be
written as
Rkη,lη′ =
i
2
〈Ψ|[ckη, c†lη′ ]|Ψ〉 = δklδηη′
i
2
(1− 2|vk|2),
Qkη,lη′ =
i
2
〈Ψ|[ckη, clη′ ]|Ψ〉 = δkl[σy ]ηη′u∗kvk, (B2)
with σy representing the Pauli matrix. The above equa-
tions indicates that the pure fermionic Gaussian state
can be obtained by reducing the covariance matrix into
the form of Eq. (B2).
The above procedure can be incorporated into the scat-
tering theory approach in the particle-hole basis we have
introduced in Sec. II. To do this, we first note that the
covariance matrices R and Q can be related to the pair
correlation function g as
R = i
(
0 I
I 0
)(
gpp gph
ghp ghh
)
− i
2
(
I 0
0 I
)
,
Q =
i
2
[
(
gpp gph
ghp ghh
)
−
(
gpp gph
ghp ghh
)T
], (B3)
where the notation (...)T represents the matrix trans-
pose. Note that here the vacuum state in this case is the
direct product of the Fermi sea states of all the leads.
For the two-terminal quantum conductor we considered
in Sec. II, it corresponds to the state |F1〉 ⊗ |F2〉.
Then, we can construct the pair correlation function
within the particle-hole basis from the scattering ma-
trix[Eq. (4)], which has the form
gppλn,λ′n′ = 〈Ψb|bpλnbpλ′n′ |Ψb〉 = 0,
ghhλn,λ′n′ = 〈Ψb|bhλnbhλ′n′ |Ψb〉 = 0,
gphλn,λ′n′ = 〈Ψb|bpλnbhλ′n′ |Ψb〉
=
∑
ηm
Sλn,ηmS
∗
λ′n′,ηm(1− fn),
ghpλn,λ′n′ = 〈Ψb|bhλnbpλ′n′ |Ψb〉
=
∑
ηm
S∗λn,ηmSλ′n′,ηmfn, (B4)
where the function fn is the Fermi distribution function
in zero temperature limit, which has the form
fn =
{
0, n ≥ 0
1, n < 0
. (B5)
Note that we shall suppress the index δ when no confu-
sion can arise.
By substituting Eq. (B4) into Eq. (B3), one find that
for each δ, the covariance matrix R(Q) can be solely de-
cided via the scattering matrix:
R = i
(
rp 0
0 rTh
)
− i
2
(
I 0
0 I
)
,
Q =
i
2
(
0 q
−[q]T 0
)
, (B6)
where
rp = S
pp[Spp]†,
rh = S
hh[Shh]†,
q = Spp[Shp]† − Sph[Shh]†. (B7)
Finally, by using the SVD for the sub-matrices of the
scattering matrix, we finds that the covariance matrices
R and Q can be bring into a block-diagonalized form:
R =
i
2
U †
[
2
(
P 0
0 P
)
−
(
I 0
0 I
)]
U, (B8)
Q = UT
(
0
√
(I − P )P
−
√
(I − P )P 0
)
U.
Within such block-diagonalized form, the wave function
can be constructed following Eqs. (B1) and (B2) for each
δ. Since all the operators for different δ are decoupled,
the many-body state is just the direct product of these
wave functions, this leads to the expression Eqs. (14)
and (15) in Sec. II.
Appendix C: Quasi-particle representation
To calculate expectation values of various physical
quantities from the many-body state, it is convenient
to work with the quasi-particle representation give in
Eqs. (16) and (17). From Eq. (16), one can see that the
only nonzero pair correlation function within the quasi-
particle operators is
〈Ψb|γk±(δ)γ†k±(δ)|Ψb〉 = 1. (C1)
From Eq. (17), one has
bpn(δ) = −
∑
k
Upnk(δ)[
√
1− pk(δ)γk+(δ) + i√pkγ†k−(δ)],(C2)
bhn(δ) = −
∑
k
[Uhnk(δ)]
†[
√
1− pk(δ)γk−(δ) − i√pkγ†k+(δ)].
The above expressions can be used to calculate the expec-
tation value needed by the Wigner function, for example
〈Ψb|[bpn(δ)]†bpn′(δ)|Ψb〉
=
∑
kk′
[Upnk(δ)]U
p
n′k′(δ)pk(δ)δkk′ . (C3)
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